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In the present problem, two-phase mixed convection of a non-Newtonian nanofluid in a porous 
H-shaped cavity is studied. Inside the enclosure there are four rotating cylinders, using the 
Boussinesq approximation, mixed convection is created. Nanofluid includes H2O+ 0.5% CMC 
and copper oxide nanoparticles. The mixture model was used to model physical phenomena. 
Different aspect ratios were used in order to achieve the best heat transfer rate. The Darcy and 
Richardson numbers ranges are 10-4≤Da≤10-2 and 1≤Ri≤100 respectively. Also, the aspect ratio 
and dimensionless angular velocities of cylinders ranges are 1.4≤AR≤1.6 and -10≤Ω≤10 
respectively. Streamlines and isotherm-lines contours have been obtained for the variation of 
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Darcy and Richardson numbers, aspect ratio and angular velocity. The heat transfer rates have 
been obtained for various aspect ratios, Darcy and Richardson numbers, and the direction of 
the cylinder's rotation, and are compared with each other. The results show that the direction 
of cylinders rotation influences the strength and extent of the generation vortices. Also, the use 
of porous material in high permeability can be a good alternative to lowering the angular 
velocity of the cylinders and ultimately reducing the need for less energy. 























Da                               Darcy number (= κ
L2⁄
)  




D(=2R)                       Diameter of cylinder[m] 
fdrag                             Drag function 









L                                 Length of cavity[m] 

































R                                 Radius of cylinder [m] 
Ra                               Rayleigh number (= Gr. Pr) 
Pr                                Prandtl number    
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T                                 Temperature[K] 




X                                Dimensionless length in x direction (= x H⁄ ) 
Y                                Dimensional length in y direction (=
y
H⁄ ) 
n                                 Power-law index 
K                                Consistency index[Pa. s𝑛] 
AR                             Aspect ratio 
Greek Symbols 




θ                                      Dimensionless temperature    




φ                                       Volume fraction 
Ψ                                      Dimensionless stream function 




𝜅                                       Permeability[m2] 
ε                                        Porosity 






γ̇                                        Shear rate 
Super-and sub-scripts  
bf                                     Base fluid 
C                                      Cold 
dr                                      Drift 
f                                        fluid 
H                                       Hot 
k                                       of water of nanofluid 
m                                      Mixture 
nf                                      Nanofluid 
p                                        Particle 





After discovering nanofluids and demonstrating the remarkable improvement in their thermo-
physical properties at low concentrations, many factories, and research groups have tried to 
employ them in new systems and equipment in various sciences such as electronics, 
transportation, medicine, aerospace and etc. [1-3]. The use of mechanisms such as nanofluids 
and the porous medium or the change in the geometry structure can help improve heat transfer 
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[4-6]. The analysis of nanofluid heat transfer and entropy generation in a cavity was 
investigated by Mehrez et al. [7]. They found that the heat transfer and the entropy generation 
vary with the aspect ratio of the cavity and nanoparticle types. Ahmed et al. [8] investigated 
natural convection heat transfer in a trapezoidal cavity with a porous medium. A similar study 
was conducted with the help of the LBM by Abadshapoori and Saidi [9]. Al-Srayyih et al. [10] 
studied the effect of a linearly heated left sidewall on natural convection flows in a porous 
cavity. They concluded that the nanofluid produces more enhancement of heat transfer 
compared to the base fluid. Emami et al. [11] studied the natural convection of nanofluid in an 
inclined porous cavity. They found that use of nanofluid with porous media is beneficial. Heat 
transfer enhancement of mixed convection in an inclined porous cavity using nanofluid was 
studied by Rajarathinam et al. [12]. Also, Hashim et al. [13] investigated the natural convection 
of alumina-water nanofluid in a wavy cavity. They found that the heat transfer inside the cavity 
is enhanced by introducing nanoparticles as well as a selection of the optimal number of 
oscillations. Cheng [14] studied the mixed convection heat transfer and entropy generation of 
nanofluid in wavy wall lid-driven cavity. They found that the mean Nusselt number and total 
entropy generation increase with an increasing Richardson number and Reynolds number. 
Buongiorno’s two-phase model and natural convection in a partially heated enclosure were 
studied by Wang et al. [15]. They observed that at low Rayleigh numbers, the heat transfer 
enhancement increases in nanoparticle volume fraction. Al-Rashed et al. [16] studied mixed 
convection in a lid-driven cavity using nanofluid. Baïri [17] investigated natural convection 
between concentric and inclined hemispherical cavities filled with Cu-water nanofluid. 
Transient natural convection and entropy generation analysis in a porous cavity filled with 
nanofluid was studied by Baghsaz et al. [18]. They observed the Nusselt number decreased 
during the nanoparticle sedimentation process. Other useful studies in this regard can be found 
in [19-23]. Khalili et al. [24] investigated the non-homogenous distribution of nanoparticles in 
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the nanofluid by natural convection heat transfer inside a square enclosure experimentally. 
They observed that the average nanoparticle volume fraction along the cold wall is 3.10% 
greater than that along hot wall. Experimental study of natural convection in enclosures was 
done by Mahian et al. [25]. They found that even without having measured data of 
thermophysical properties, the average Nusselt number could be estimated with the same trend 
and maximum difference of 4.5%. Other useful laboratory studies are found in [26-30]. Other 
numerical studies in this regard can be found in refs. [43-62]. 
In this work, fluid flow and heat transfer are studied in a porous H-shaped cavity using two- 
phase approach. The use of four rotating cylinders, considering cooler and heater as a useful 
idea in a porous H-shaped cavity is a distinguishing feature of the present work with other 
researchers. 
 
2- Problem statement 
In this study, fluid flow and heat transfer of a non-Newtonian nanofluid in an H-shaped 
enclosure with rotating obstacles filled by a porous medium are investigated. Two-phase 
approach is used to model physical phenomena. Four rotating cylinders with the same radiuses 
(= R) are embedded in the cavity. The dimensions of the cavity are H×L. The schematic of 
geometry is shown in Fig. 1. The upper and lower cylinders are subjected to cold and hot 
temperatures respectively. Other walls in the cavity are insulated. The local thermal 
equilibrium approach for porous media and fluid phase is used. The porous medium is 
considered homogeneous and anisotropic. The cells of the porous medium are completely open 
and the size of the pores is sufficiently large compared to the nanoparticles and the molecular 
diameter of the base fluid. Three different aspect ratios are used to achieve the best heat transfer 
rate. Carboxy-methylcellulose (CMC) + Water and CuO nanoparticles are used as working 
fluid. The Richardson and Darcy numbers ranges are 1≤Ri≤100 and 10-4≤Da≤10-2 respectively. 
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In addition, the parameters such as aspect ratio, dimensionless angular velocity and volume 
fraction ranges are 1.4≤AR≤1.6, -10≤Ω≤+10 and 0≤φ≤0.01 respectively. In this study, the 
effects of porous medium, angular velocity of cylinders and direction of rotation cylinders on 




Fig.1 The geometry studied for the present problem. 
 
 
3-Two phase mixture model  
The mixture model is simplified with Eulerian's approach. In the mixture model, the mixing 
momentum equations are solved and relative velocities are defined to determine the phase 
distribution. This model can be used in multiphase flows in which phases move at various 
velocities. The application of the mixed model is the following: low pouring stream of particles, 






4-Govering equations and Boundary conditions 
Continuity equation: 
∇. (ρmV⃗ m) =
0                                                                                                  














V⃗ m|V⃗ m| − ρmβm(T − Tc)g
+ ∇. (∑φkρkV⃗ dr,k
n
k=1
V⃗ dr,k)                                                                              (2) 
Where η𝑚 is calculated as follows [5]; 
η𝑚 = 𝐾(?̇?)




k=1 V⃗ kT) = ∇. (kmT + 𝜏.̿ V⃗ m)                               (4) 
Where in the above equation, we have [5]; 








)                                                                                                                 (6) 
Volumetric fraction equation:   
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∇. (φpρpV⃗ m) = −∇. (φpρpV⃗ dr,p)                                                                                      (7) 






                             (8)  
Furthermore: 
V⃗ dr,k = V⃗ k − V⃗ m                                              
(9)                                                             
                                       
It can be written for slip velocity in the mixture model [21]: 
V⃗ pf = V⃗ p − V⃗ f                                       
(10)                                                            
                                               
The drift velocity can be defined as follows. [31]: 




k=1                           
(11)                                                           








(g − (Vm. ∇)Vm) = Vp − Vf                           
(12)                                                     





0.687             Rep ≤ 1000
0.0183Rep                      Rep > 1000
                     
(13)                                                           
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(1 − φ)θ + v̅f
∂
∂y̅
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ρm = ρf(1 − φ) + ρpφ                                          
(18)                                                            
                                   
(ρCp)m
= (ρCp)f
(1 − φ) + (ρCp)p
φ                      
(19)                                                            
         
(ρβ)m = (ρβ)f(1 − φ) + (ρβ)pφ                                      
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   Da =
κ
H2
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     θ =
T−TC
TH−TC
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The boundary conditions are expressed as follows;                                          (40) 




Cold cylinders:      um = −ω(𝑦 − 𝑦0)    ,      vm = ω(𝑥 − 𝑥0)  ,      T = Tc 
Hot cylinders:       um = −ω(𝑦 − 𝑦0)    ,      vm = ω(𝑥 − 𝑥0)    ,     T = Th 
The dimensionless forms of boundary conditions according to the dimensionless equations 
are as follows:                                                                                                               (41) 
Adiabatic walls:            u̅𝑚 = v̅𝑚 = 0              ,           
∂θ
∂x̅
= 0                   
Cold cylinders:        u̅𝑚 = −BΩ(?̅? − ?̅?0)   ,   v̅𝑚 = BΩ(?̅? − ?̅?0)   ,   θ = 1 
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Hot cylinders:          u̅𝑚 = −BΩ(?̅? − ?̅?0)   ,   v̅𝑚 = BΩ(?̅? − ?̅?0)   ,   θ = 1 
5- Grid independency and Validation 
Four different grids have been used to ensure that results are not dependent on the grid. As 
shown in Table 1, the ψ and Nu number were used as the criteria for choosing the ultimate 
mesh. Due to the difference in the result, the third grid has been chosen as the final grid. 
 
Table 1 Grid independency for Ri=1, Da=10-3 and φ = 1% 
%Error for Nu number Nu number %Error for ψ ψ Element No. 
- 6.730051 - 29.444 33510 1 
3.33 6.512663 1.08 29.127 50266 2 
1.35 6.425467 0.22 29.063 75400 3 
0.42 6.398293 0.024 29.056 113100 4 
 
Ensuring the numerical solution method is one of the basic criteria for achieving results. For 
this purpose, two numerical and experimental references are used for comparison. The first 
validation is related to an experimental study [38]. In an experimental study [38], natural heat 
transfer was investigated in a cavity with nanofluid. The studied cavity has common conditions 
and the distribution of nanoparticles is the reason for differences in numerical and laboratory 
results. For this reason, the results are compared with the same numerical work [39] in this 
field, details of which are shown in Fig. 2. The small difference in the results shows that the 
numerical solution method is accurate. The second validation involves comparing the present 
work with the reference results [40]. Nithiarasu et al. [40] studied the effect of heat transfer in 
a porous cavity. They used a plurality of porosity to simulate a non-Darcy flow regime. Figs. 
3a and 3b show the comparison of the present work with the ref. [40].  As can be seen, there is 
a small difference between the results that can be attributed to the numerical solution method 
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and the assumption of Darcy flow instead of non-Darcy flow. Nevertheless, a completely 
acceptable match between the results can be observed. 
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Fig. 3a Comparison between streamlines (left) and isotherm-lines (right) with ref. [40] for 

























Nithiarasu et al. [40] 
 
 










Fig. 3b Comparison between streamlines (left) and isothermlines (right) with ref. [40] for 
Da=10-2, Ra=104, porosity=0.6. 
 
 


























Thermophysical properties of nanofluid, such as density, specific heat coefficient and thermal 
conductivity coefficient according to Table 2, are as follows.  
 




⁄ ) Cp (
J
kg. K⁄ ) 
k(w m.K⁄ ) 
H2O+CMC 998.2 4182 0.6 
CuO 6500 540 18 
 
The power-law model is used for the viscosity of nanofluid. In this model, two important 
parameters k (consistency index) and n (power-law index) are used to calculate viscosity. The 
values of k and n are calculated ref. [41]. In this research, the convergence criterion is 
considered for all cases of 10-6. Fig. 4 shows an example of the convergence of the residuals 
for continutiy, velocity, energy, and volume fraction equations. As can be seen, the problem 
converges after more than 1400 iterations. All simulations are performed with the second-order 







Fig. 4 An example of the residuals convergence for the present problem 
 
7-Results and discussion 
7-1 Streamlines and isotherm-lines for various dimensionless angular velocities 
Fig. 5 shows the contours of streamlines and isotherm-lines for various dimensionless angular 
velocities. As can be seen, the minimum value of the stream function occurs at minimum 
angular velocity. In addition, in all cases, the minimum value of the stream function for a 
positive angular velocity occurs. When the cylinders are rotated, vortices around the cylinders 
are formed. The area of the generated vortices for cold cylinders is greater than the hot 
cylinders, but the power of the generated vortices by the hot cylinders is higher than the cold 
cylinders. By increasing the angular velocity of the cylinders, the vortex width increases 
further, so that at the maximum velocity, the flow of the downstream and upstream of the cavity 
leads to integration. The above process is clearly seen in negative angular velocity. For a 
positive angular velocity, the process is repeated, except that the flow integration occurs at Ω 
= 5. As the angular velocity of the cylinder increases, heat dissipation occurs in the cavity and 
the isotherm-lines appear in the cavity in a non-uniform manner. The heat transfer is done 
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because of the direction of rotation of the cylinders from the left-hand side of the cavity. 
However, due to the positive angular velocity, the heat dissipation in the cavity is made from 




































































































7-3 Velocity vectors for various angular velocities 
Fig 6 shows the velocity vectors inside the cavity at different angular velocities. As can be seen, the 
density of velocity vectors adjacent to the cylinders and in the center of the cavity is maximal and 
minimal. This is due to the fact that in the area in which the cylinders are rotated, there is a amplification 
of the current in that area, which increases the velocity of the vector and eventually maximizes the 
velocity in that area. On the other hand, the angular velocity of the cylinders leads to the increase of the 
flow throughout the cavity. In fact, the angular velocity of the cylinders leads to the maximum velocity 
in the vicinity of the cylinders and increases the velocity maximum area.  When the cylinders are 
rotating in the negative or positive direction, the velocity vectors in the vicinity of the cylinders are 
opposite. The magnification of the velocity vectors is shown in the figure as the cylinders are rotating 
in a positive and a negative direction. On the other hand, in some areas adjacent to the cylinders, the 
speed in some areas is maximum and minimum. When the direction of flow rotation inside the cavity 
is aligned with the direction of cylinder rotation, the velocity in that area is maximized and it can be 
amplified. But when the direction of flow rotation in the cavity is not aligned with the direction of 

















(a) 𝛀 = −𝟏 
 
















































(f) 𝛀 = 𝟏𝟎 
 
Fig. 6 Velocity vectors for Da=10-3 and Ri=100 
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7-4 Streamlines and isotherm-lines for various aspect ratios 
Fig. 7 shows the contours of the stream lines and the isotherm-lines for various aspect ratios of 
the cavity. As can be seen, for a negative angular velocity, the turbulences in the cavity decrease 
with increasing aspect ratio. This means that increasing the aspect ratio to the formation of new 
vortices that can be due to the integration of the flow in the cavity does not help, but it 
transforms the area into a calm region. This is even happening for a positive angular velocity. 
Therefore, increasing the aspect ratio is completely independent of the direction of rotation of 
the cylinders. Increasing the aspect ratio can lead to a decrease or increase of the stream 
function, but the amount of changes in the stream function is not significant. In other words, 
the aspect ratio has had the greatest impact on the magnitude of the flow and extent of 
generation vortices. Increasing the aspect ratio creates the same behavior for the isotherm-lines. 
This means that by increasing the aspect ratio, the isotherm lines tend to the center of the cavity, 
which ultimately leads to lower heat dissipation in the cavity. Increasing the aspect ratio leads 

























































































7-5 Streamlines and isotherm-lines for various Da numbers 
Fig. 8 shows the contours of the stream lines and the isotherm-lines for the variation of the 
Darcy number. For negative angular velocities, with increasing the Darcy number, the stream 
function increases considerably. In fact, increasing the Darcy number leads to a better fluid 
flow in the cavity and ultimately leads to an increase in the stream function. The above-
mentioned factor leads to the non-equilibrium of the flow field and causes the formation of 
new vortices in the cavity. For Da=10-3 the generated vortices from the cylinders are merged 
from the right hand of the cavity and lead to the formation of a strong region of flow in the 
entire cavity. For positive angular velocity, the power and extent of vortices increase in Da=10-
3 suddenly, so that the maximum vortex strength in the cavity occurs adjacent to cold cylinders. 
By increasing the Darcy number, the power and extent of the vortex are increased, so that the 
generated current can absorb by the downstream of the flow completely. By increasing the 
Darcy number, the streamlines move toward the cylinders, which can lead to increased heat 
transfer. In fact, the reduction of the Darcy number leads to less permeability in the cavity, 
which means that the porous matrix surrounds the surface of the cavity, which exacerbates the 



































































































7-6 Streamlines and isotherm-lines for various Ri numbers 
Fig. 9 shows the contours of the streamlines and isotherm-lines for different Richardson 
numbers. As can be seen, with the reduction of the Richardson number, the stream function 
increases considerably. In fact, the increase in the stream function is due to the domination of 
the forced convection and thus the increase of inertia. Reducing the Richardson number only 
leads to power increased. This can even lead to the transmission of vortices when forced 
convection is dominant noticeably. The phenomena mentioned are true only for negative 
angular velocity. When a positive angular velocity is considered, in addition to increasing the 
vortex power and its transmission, increasing the size and integration of vortices is also 
observed. Reducing the Richardson number leads to a more uneven isotherm-line. For the 
angular velocity of negative or positive, the above factor is observed. The greatest changes in 
the isotherm-lines occur in the center of the cavity, which is due to the effects of the rotation 
of the cylinders on each other. Of course, given the contours of isotherm-lines, it can be seen 
that even in Ri = 10; the forced convection is not dominant significantly. With the reduction of 
the Richardson number, forced convection is clearly evident, so that in this case, the heat 
upstream of the cold and downstream cylinders of the hot cylinders progresses and full heat 





















































































Fig. 9 Streamlines (left) and isotherm-lines (right) contours for various Richardson numbers. 
7-7 Effect of aspect raio on heat trasnfer 
Fig. 10 illustrates the average Nusselt number in terms of the aspect ratio for various volume 
fractions. As can be seen, in all cases, the heat transfer is reduced by increasing the aspect ratio. 
In fact, the increase in the aspect ratio leads to a decrease in the area of heat exchange, and the 
fluid flow circulation in the cavity becomes more limited, so the flow rate is reduced and the 
heat transfer decreases eventually. Since the presence of nanoparticles inside the base fluid is 
a factor for increasing the thermal conductivity, the heat transfer is increased by increasing the 
volume fraction. In all cases, when the negative angular velocity is considered, the heat transfer 
rate is higher than the positive angular velocity. This is due to an increase in thermal gradients 
in the vicinity of the hot wall. As for the minimum aspect ratio, the percentage of heat transfer 
at the maximum volume fraction for a negative angular velocity is more than 3.7% relative to 





Fig. 10 Nusselt number versus aspect ratio for various voulme fractions. 
7-8 Effect of angular velocity on heat trasnfer 
Fig. 11 illustrates the average Nusselt number diagram in terms of the dimensionless angular 
velocity for different Darcy numbers. As can be seen, the graph's behavior is in the form of 
zigzag lines. The behavior of the porous medium is highly dependent on the direction of 
rotation of the cylinders. In high permeability, the use of large negative angular velocities has 
a better heat transfer than a positive angular velocity. As in Da =10-2, the heat transfer rate is 
about 9%. Of course, the effect of rotation of cylinders on the heat transfer rate at low 
permeability is not very significant and can be ignored. In low permeability, the effect of 
rotating cylinders on the heat transfer rate is significant only when using angular velocities that 
are large enough. However, if for any reason it is not possible to use large velocities in the 
design of the system; high permeability can be used to compensate for the increase of heat 































Fig. 11 Nusselt number vs dimensionless angular velocity for various Darcy numbers. 
 
7-9 Effect of Ri number on heat trasnfer 
Fig. 12 illustrates the average Nusselt number in terms of the Richardson number for different 
angular velocities. As can be seen, the lowest amount of heat transfer is related to the state of 
natural convection. Therefore, the use of the mixed convection mechanism can play a 
significant role in increasing the heat transfer rate. So that in Richardson's maximum (even 
when forced convection is not significantly) there is a 60% increase in heat transfer rate relative 
to the natural convection. Also, increasing the angular velocity of the cylinders, the heat 
transfer rate increases. In fact, the angular velocity of the cylinders leads to a better fluid flow 
circulation in the cavity and leads to an intensification of the gradient of velocity and thermal 
gradients in the vicinity of the hot wall, which ultimately leads to an increase in the heat transfer 
rate. The angular velocity of the cylinders is closely related with increasing convection forces 



























more intense. Therefore, in a constant Richardson number, changes in the heat transfer rate are 
very high and the intensity of these changes increases with the increase of forced convection. 
In Ri=1, there is an increase of 219% of the heat transfer rate by 10 times the angular velocity. 








In this study, mixed convection of a non-Newtonian nanofluid in a permeable H-shape 
enclosure using a two-phase model was investigated. The results that can be taken include: 
• As the aspect ratio increases, the heat transfer rate decreases. Increasing the 






















• Increasing the Darcy number and decreasing the Richardson number, the heat 
transfer rate increases. 
• The direction of cylinders rotation affects the heat transfer rate and the 
formation of fluid flow in the cavity. 
• In low permeability, the effect of rotating cylinders on the heat transfer rate is 
significant only when using angular velocities that are large enough. 
• If for any reason, it is not possible to use large velocities in the design of the 
system, high permeability can be used to compensate for the increase of heat 
transfer with the help of this case. 
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